
n u m b e r ) .  9.9 X 10 45 is u sed  to r e p r e s e n t  inf in i ty .  I m a g i n a r y  
v a l u e s  of x m a y  no t  be n e g a t i v e  a n d  reM v a l u e s  of x m a y  n o t  be 
s m a l l e r  t h a n  1. 

Va lues  of Qd~'(x) m a y  be ca l cu l a t ed  eas i ly  by h y p e r g e o m e t r i c  
ser ies  if x is n o t  too  sma l l  nor  (n - m)  too  large.  Q~m(x) can  be 
c o m p u t e d  f rom an  a p p r o p r i a t e  set  of v a l u e s  of Pnm(X) if X is ne a r  
1.0 or ix is n e a r  0. Loss  of s ign i f i can t  d ig i t s  occurs  for  x as s m a l l  as 
1.1 if n is l a rge r  t h a n  10. Loss  of s ign i f i can t  d ig i t s  is a m a j o r  diffi- 
c u l t y  in u s i n g  finite p o l y n o m i M  r e p r e s e n t a t i o n s  also if n is l a rge r  
t h a n  m.  Ho w e ve r ,  Q L E G  h a s  been  t e s t e d  in reg ions  of x a n d  n 
b o t h  large  a n d  smal l ;  
p r o c e d u r e  Q L E G ( m ,  n m a x ,  x, ri, R,  Q);  v a l u e  In, n m a x ,  x, ri ;  

r e a l  In, m n a x ,  x, ri ;  r e a l  a r r a y  R ,  Q; 
b e g i n  r e a l  t ,  i, n,  q0, s ;  

n : =  20; 
i f  n m a x  > 13 t h e n  

n : =  n m a x  + 7 ;  
i f  ri = 0 t h e n  

b e g i n  i f m  = 0 t h e n  
Q[0] : =  0.5 X 10g((x + 1 ) / (x  - 1)) 
e l s e  

b e g i n  t : =  - - 1 . 0 / s q r t ( x  X x - -  1); 
q0 : =  0; 
Q[O] : = t ;  
fo r  i : = 1 s t e p  1 u n t i l  m d o  

b e g i n  s : =  ( x + x ) X ( i - 1 ) X t  
× Q [ 0 ] +  ( 3 i - i × i - 2 ) × q 0 ;  
q0 : =  Q[0]; 
Q[0] : =  s e n d  e n d ;  

i f  x = 1 t h e n  
Q[0] : =  9.9 I" 45; 

R[n  + 1] : =  x - s q r t ( x  X x - 1); 
for i : =  n s t e p  --1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  + i + 1) X x 
+ ( m - i -  1) X R [ i + l ] ) ;  

go  to  t h e  e n d ;  
i f  m = 0 t h e n  

b e g i n  i f  x < 0.5 t b e n  
Q[0] : =  a r c t a n ( x )  - 1.5707963 e l s e  
Q[0] : =  - a r e t a n ( 1 / x ) e n d  e l s e  

b e g i n  t : =  1 / s q r t ( x  X x + 1); 
q0 : =  0; 
q[0] := t; 
f o r  i : = 2 s t e p  1 u n t i l  m do  

b e g i n  s : =  (x + x) X (i -- 1) X t X Q[0I 
+ ( 3 i + i X  i -- 2) × q0; 
qO : =  Q[0]; 
Q[0] := s e n d  e n d ;  

R[n  + 1] : =  x - s q r t ( x  × x + 1); 
for  i : =  n s t e p  - 1 u n t i l  1 d o  

R[i] : =  (i + m ) / ( ( i  -- m + 1) × R[i  + 1] 
- - ( i + i +  1) X x);  

f o r  i : = 1 s t e p  2 u n t i l  n m a x  do  
Ril l  : =  -- Ri l l ;  

t h e :  f o r  i : = 1 s t e p  1 u n t i l  n n m x  d o  
Q[i] : =  Q[i - 1] X R[i] 

e n d  Q L E G ;  

* T h i s  p r o c e d u r e  was  deve loped  in p a r t  u n d e r  t he  s p o n s o r s h i p  
of t h e  Air  Force  C a m b r i d g e  R e s e a r c h  C en t e r .  

ALGORITHM 63 
PARTITION 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 

p r o c e d u r e  p a r t i t i o n  ( A , M , N , I , J ) ;  v a l u e  M , N ;  
a r r a y  A; i n t e g e r  M , N , 1 , J ;  

c o n u n e n t  I a nd  J are  o u t p u t  va r i ab le s ,  a n d  A is t h e  a r r a y  (wi th  
s u b s c r i p t  b o u n d s  M : N )  w h i c h  is o p e r a t e d  u p o n  by  th i s  p rocedure .  
P a r t i t i o n  t a k e s  t h e  va l ue  X of a r a n d o m  e l e m e n t  of the  a r r a y  A, 
a n d  r e a r r a n g e s  t he  va l ue s  of t he  e l e m e n t s  of t he  a r r a y  in s u c h  a 
w a y  t h a t  t he r e  ex is t  i n t ege r s  I a n d  J w i t h  t he  fo l lowing p ro p e r t i e s  : 

M _-< J < I =< N p r o v i d e d M  < N 
A[R] =< X f o r M  =< R _-< J 
A[R] = X f o r J  < R < I 
A[R] ~ X f o r  I =< R ~ N 

T h e  p r oc e du r e  uses  an  in tege r  p r oc e du r e  r a n d o m  (M,N)  wh ich  
chooses  e q u i p r o b a b l y  a r a n d o m  in t ege r  F b e t w e e n  M an d  N,  a n d  
also a p r oc e du r e  exchange ,  w h i c h  e x c h a n g e s  t he  v a lu e s  of i t s  two  
p a r a m e t e r s  ; 
b e g i n  r e a l  X ;  i n t e g e r  F ;  

F : =  r a n d o m  ( M , N ) ;  X : =  A[F]; 
I : = M ;  J : = N ;  

up :  for  I : = I s t e p  1 u n t i l  N do  
i f  X < A [I] t h e n  g o  to  do wn ;  

I : = N ;  
down:  f o r J  : =  J s t e p  --1 u n t i l  M d o  

i f  A [ J ] < X  t h e n  g o  t o  c h a n g e ;  
J : = M ;  

c ha nge :  i f  I < J t h e n  b e g i n  e x c h a n g e  (A[IL A[J]) ;  
I : =  I +  1 ; J : =  J - 1; 
g o  to  up  

e n d  
e l s e  i f  [ < F t h e n  b e g i n  e x c h a n g e  (A[IL A[F])  i 

I : = I + l  
e n d  

e l s e  i f  F < J t l l e n  b e g i n  e x c h a n g e  (A[F], A[J]) ; 
J : = J - 1  

e n d  ; 
e n d  p a r t i t i o n  

ALGORITHM 64 
QUICKSORT 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 

p r o c e d u r e  q u i c k s o r t  ( A , M , N ) ;  v a l u e  M , N ;  
a r r a y  A; i n t e g e r  M , N ;  

c o m m e n t  Q u i c k s o r t  is a v e r y  f a s t  a n d  c o n v e n i e n t  m e t h o d  of 
s o r t i n g  an  a r r a y  in t he  r a n d o m - a c c e s s  s tore  of a c o m p u t e r .  T h e  
en t i r e  c o n t e n t s  of t he  s tore  m a y  be so r t ed ,  s ince  no e x t r a  space  is  
r equ i red .  T h e  a ve r a ge  n u m b e r  of c o m p a r i s o n s  m a d e  is 2 ( M - - N )  In 
( N - - M ) ,  a n d  t he  a ve r a ge  n m n b e r  of e x c h a n g e s  is one s ix th  th i s  
a m o u n t .  Su i t ab le  r e f inemen t s  of th i s  m e t h o d  will be des i rab le  for  
i t s  i m p l e m e n t a t i o n  on a ny  a c t ua l  c o m p u t e r ;  
b e g i n  i n t e g e r  1,J ; 

i f  M < N t h e n  b e g i n  p a r t i t i o n  ( A , M , N , I , J ) ;  
q u i c k s o r t  (A,M,J )  ; 
q u i c k s o r t  (A, I,  N)  

e n d  
e n d  q u i e k s o r t  

ALGORITHM 65 
FIND 
C. A. R. HOARE 
Elliott Brothers Ltd., Borehamwood, Hertfordshire, Eng. 

p r o c e d u r e  f ind ( A , M , N , K ) ;  v a l u e  M , N , K ;  
a r r a y  A; i n t e g e r  M , N , K ;  

c o m m e n t  F i n d  will a s s ign  to A [K] t he  va l ue  wh ich  it  would  
h a v e  if t he  a r r a y  A [M:N]  h a d  been  sor ted .  T h e  a r r a y  A will be  
p a r t l y  so r t ed ,  a n d  s u b s e q u e n t  e n t r i e s  will be f a s t e r  t h a n  t h e  f i rs t ;  
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b e g i n  i n t e g e r  [ , J ;  
i f  M < N t h e n  b e g i n  pa r t i t i on  (A, M, N,  I, J ) ;  

i f  K=< I t h e n  find (A ,M, I ,K)  
e l s e  if J N K  t h e n  find (A , J ,N ,K)  
e n d  

e n d  find 

ALGORITHM 66 
INVRS 
JOHN CAFFREY 

Director of Research, Palo Alto Unified School District, 
Palo Alto, California 

p r o c e d u r e  Inv r s  (t) size : (n) ; v a l u e  n;  r e a l  a r r a y  t~ i n t e -  
g e r  n;  

c o m m e n t  I n v e r t s  a pos i t ive  defini te  symmet r i c  m a t r i x  t ,  of 
o rde r  n,  by  a s implif ied v a r i a n t  of t he  square  root  me thod .  Re-  
places  t he  n(n-4-1)/2 d iagonal  and  supe rd iagona l  e l emen t s  of t 
wi th  e l e m e n t s  of t -~, leaving subd iagona l  e l emen t s  unchanged .  
A d v a n t a g e s :  only  n t e m p o r a r y  s to rage  regis te rs  are requ i red ,  no 
i d e n t i t y  ma t r ix  is used,  no square  roo ts  are compu ted ,  only  n 
d iv is ions  are  pe r fo rmed ,  and ,  as n becomes  large,  t he  n u m b e r  of 
mu l t i p l i ca t i ons  app roaches  n3/2; 
b e g i n  i n t e g e r  i, j ,  s; r e a l  a r r a y  v[ l :n--1] ;  r e a l  y, p ivo t ;  
f o r  s : =  0 s t e p  1 u n t i l  n - 1  d o  
b e g i n  p ivo t  : =  1.0/t[1,1]; 

b e g i n  p ivo t  : =  1.0/t[1,1]; 
c o m m e n t  If  t[1,1] ~ 0, t is no t  pos i t ive  defi- 
n i te  ; 

f o r  i : = 2 s t e p  1 u n t i l  n d o  v i i - l ]  :=  t[1, i]; 
f o r  i : = 1 s t e p  1 u n t i l  n - -1  d o  

b e g i n  t[i ,n] : = y : = - - v [ i ]  X p ivo t ;  
f o r  j : = i s t e p  1 u n t i l  n - - 1  d o  

t[i, jl : =  t[i -4- 1, j -4-11 -4- vii] X y 
e n d  ; 

t [n,n]  : =  - p i v o t  
e n d ;  

c o m m e n t  At  th i s  po in t ,  e l emen t s  of t -~ occupy  
the  or ig inal  a r r ay  space b u t  w i th  s igns  reversed ,  
and  the  fol lowing s t a t e m e n t s  effect  a s imple  re- 
f lec t ion;  

f o r  i : = 1 s t e p  1 u n t i l  n d o  
f o r  j : = i s t e p  1 u n t i l  n d o  t[i,j] : =  - - t [ i , j ]  

e n d  I n v r s  

ALGORITHM 67 
CRAM 
JOHN CAFFREY 

D i r e c t o r  o f  R e s e a r c h ,  P a l o  A l t o  U n i f i e d  S c h o o l  D i s t r i c t ,  

Palo Alto, California 
p r o c e d u r e  C R A M  (n, r,  a) Resu l t :  (f);  v a l u e  n, r ;  i n t e g e r  

n, r; r e a l  a r r a y  a, f ;  
c o m m e n t  C R A M  stores ,  v ia  an  unspecif ied  i n p u t  p rocedure  
R E A D ,  the  d iagonal  and  supe rd i agona l  e l emen t s  of a square  sym-  
me t r i c  m a t r i x  e, of o rde r  n,  as a p s e u d o - a r r a y  of d imens ion  
l : n ( n  -4- 1)/2. R E A D  (u) p u t s  one n u m b e r  in to  u. E l e m e n t s  eli, j] 
are  addressab le  as a[e -t- j ], where  c = (2n -- i) (i -- 1) /2 and  c [i -/- 1] 
m a y  be found  as e[i] -4- n -- i. Since el1] = 0, i t  is s imple r  to  deve lop  
a t ab l e  of t he  c[i] b y  recurs ion ,  as shown in t he  sequence  labe l led  
" t a b l e " .  F u r t h e r  m a n i p u l a t i o n  of t he  e l emen t s  so s to red  is i l lus-  
t r a t e d  by  p r e m u l t i p l y i n g  a r ec t angu la r  m a t r i x  f, of o rder  n, r,  b y  
the  ma t r i x  e, rep lac ing  the  e l emen t s  of f w i th  the  new values ,  re-  
qu i r ing  a t e m p o r a r y  s to rage  a r r ay  v of d imens ion  l : n ;  

b e g i n  i n t e g e r  i, j ,  k, m;  r e a l  a r r a y  v [ l : n ] ;  r e a l  s; 
i n t e g e r  a r r a y  c [ l :n ] ;  

t ab le :  j : =  -- n;  k : =  n-4-  1; f o r i  : =  1 s t e p  l u n t i l n d o  
b e g i n  
j : =  j + k - -  i;  c[il : =  j e n d ;  

load:  f o r i : =  l s t e p l u n t i l n d o  
b e g i n  f o r  j : =  i s t e p  1 u n t i l  n d o  R E A D  (vii]);  m : =  
c[i]; 
f o r  k : = i s t e p  1 u n t i l  n do  a im -4- k] : = v[k] e n d ;  

p r emu l t :  f o r j  : =  l s t e p l u n t i l r d o  
b e g i n  f o r  i : =  1 s t e p  1 u n t i l  n d o  

b e g i n  s : =  0.0; 
f o r  k : =  1 s t e p  1 u n t i l  i d o  
b e g i n  m : =  c[k]; s : =  s + aim + i] 

Xf[k ,  Jl e n d ;  
fo r  k : = i -4- 1 s t e p  1 u n t i l  n d o  

s : =  s W a [ m W k ] X  f [k , j ] ;  v[i] = s 
e n d  ; 
f o r  k : = 1 s t e p  1 u n t i l  n d o  f[k, j] = v[k] 

e n d  
e n d  C R A M  

REMARK ON ALGORITHM 53 
Nth ROOTS OF A COMPLEX N U M B E R  (John R. 

Herndon, Comm. A C M  4, Apr. 1.961) 
C.  W .  NESTOR, JR.  
Oak Ridge National Laboratory, Oak Ridge, Tennessee 

A cons iderab le  sav ing  of mach ine  t ime  for  N >= 3 would  resu l t  
f rom t h e  use of t he  recurs ion  fo rmulas  for  t he  s ine and  cosine in 
place of an e n t r y  in to  a s ine-cos ine  sub rou t ine  in t h e  do loop 
as soc ia t ed  wi th  t he  N t h  roo ts  of a complex  number .  T h a t  is, one 
could use 

sin (n -4- 1)0 = sin nO cos0 -4- cos nO sin0 
cos (n -t- 1)0 = cos n0 cos0 -- sin nO sin0, 

a t  t he  cost  of some add i t i ona l  s torage .  
We have  found  th i s  p rocedure  to  be ve ry  efficient in p rob l ems  

dea l ing  wi th  Fou r i e r  analys is ,  as sugges ted  by  G. Goerzel  in 
c h a p t e r  24 of Mathematical Methods for Digital Computers. 

C o n t r i b u t i o n s  to  th i s  d e p a r t m e n t  m u s t  be in t he  fo rm 
s t a t e d  in t he  A lgo r i t hms  D e p a r t m e n t  po l icy  s t a t e m e n t  
(Communications, F e b r u a r y ,  1960) excep t  t h a t  A L G O L  60 
n o t a t i o n  should  be used  (see Communications, M a y ,  1960). 
C o n t r i b u t i o n s  should  be sen t  in  dup l i ca t e  to  J.  H.  
Wegs te in ,  C o m p u t a t i o n  L a b o r a t o r y ,  N a t i o n a l  B u reau  of 
S t a n d a r d s ,  W a s h i n g t o n  25, D.  C. A lgo r i thms  shou ld  be in 
t he  Pub l i ca t i on  fo rm of A L G O L  60 and  w r i t t e n  in  a s ty le  
p a t t e r n e d  a f t e r  t he  mos t  r ecen t  a lgo r i t hms  a p p e a r i n g  in th is  
d e p a r t m e n t .  

A l t hough  each  a l g o r i t h m  has  been  t e s t e d  by  i t s  con-  
t r i bu to r ,  no w a r r a n t y ,  express  or impl ied ,  is m a d e  by  the  
c o n t r i b u t o r ,  the  ed i to r ,  or t he  Assoc ia t ion  for C o m p u t i n g  
M a c h i n e r y  as to  t he  accu racy  and  f u n c t i o n i n g  of t h e  al- 
g o r i t h m  and  r e l a t ed  a l g o r i t h m  ma t e r i a l  and  no respons i -  
b i l i ty  is a s sumed  by  the  c o n t r i b u t o r ,  t he  ed i to r ,  or t he  
Assoc ia t ion  for  C o m p u t i n g  M a c h i n e r y  in connec t i on  the re -  
wi th .  

The  r e p r o d u c t i o n  of a lgo r i t hms  appea r ing  in th i s  de-  
p a r t m e n t  is exp l i c i t ly  p e r m i t t e d  w i t h o u t  any  charge .  W h e n  
r e p r o d u c t i o n  is for pub l i ca t ion  purposes ,  re fe rence  m u s t  be 
m a d e  to  the  a l g o r i t h m  a u t h o r  and  to  the  Communications 
i ssue bear ing  the  a lgor i thm.  
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